Introduction
In physical sciences, quite often one encounters functions that can not be integrated in closed form and hence one has to resort to numerical integration. The Error function Erf (x), the Exponential integral Ei(x), and the Sine integral Si(x) are some typical examples. For functions that can not be integrated exactly in closed form, one uses schemes like the Simpson quadrature or its generalisation, the NewtonCotes method etc. If one needs better accuracy, usually the Gaussian quadrature is employed [1, 2] . If the function f (x) is smooth then it is amenable to an accurate approximation by a polynomial and hence a Gauss quadrature of a particular order is guaranteed to give exact value. Thus for smooth functions, one normally prefers a Gaussian scheme.
If the function has singularities like an end-point integrable singularity, a logarithmic singularity, or complex poles near the line of integration etc, then we set f (x) = g(x)h(x). Here, g(x) is the singular part of f (x) and h(x) is the smooth part. In this case, the quadrature sum is written as n j=1 w j h(x j ) where the singular part g(x) is absorbed in the weight function. This process of modifying the weights is an additional and rather involved task [3] . If the singularities depend on varying parameters, then the weights {w j } and the nodes {x j } do vary with these parameters which is a definite disadvantage.
In subsequent discussions, an end-point integrable singularity, a logarithmic singularity or complex poles near the line of integration all will be referred to as singularities of type A for bevity. In recent times, a class of integration schemes like the TANH [4] , the IMT [5] and the Double Exponential (DE) schemes [6, 7] are widely employed. These schemes come under the category of variable transformation method and they are extremely handy for singularities of type A. Essentially, all the three methods are just simple trapezoidal schemes after a specific change of integration variable. Here we outline the DE quadrature since it is superior to the other two methods. With t and u as the old and the new integration variables, the DE transformation introduced by Takahasi and Mori [6, 7] is defined as follows.
t ∈ (a, b); u ∈ (−∞, ∞)
(1)
u k = kh, k = 0, ±1, ±2, .....
t k , the images of the equi-spaced nodes u k get clustered at the ends t = a and t = b of the old interval (a, b). This specific property can be utilised to take care of the requirement of increased sampling near the poles of the integrand [8] . The derivative term dt/du has the effect of annulling the integrable end-point singularity terms like 1/(t − a) α or 1/(b − t) β where 0 < α, β < 1 and the logarithmic singularities like log(t − a) or log(b − t). This property is shared by the TANH, the IMT and the DE schemes [3] and hence they are well suited for handling singularities of type A.
The Gaussian scheme is appropriate for smooth functions by its very nature of construction. But as we have seen earlier, when the integrand has singularities, the method of modified moments needs to be invoked which is rather involved [3] . The TANH, the IMT and the DE methods are exceptionally well suited for handling integrals with type A singularities but they are not optimal for smooth integrands.
In this context, it is worth exploring other possibilities. In the following we indicate a powerful new approach based on approximating the antiderivative rather than the integrand and it is based on the Fundamental Theorem of Integral Calculus.
Numerical Integration via the Fundamental Theorem of Integral Calculus
According to the Fundamental theorem of Integral Calculus [9] , if f (t) is continuous on the closed bounded interval [a, b] , and if 
a j φ j (x) and substitute this in the differential equation above and then find the expansion coefficients {a j } by a collocation process to finally evaluate F (x).
If the integrand has a dominant or a singular part, then the corresponding antiderivative component can be factored out whenever it is possible and again the solution can be attempted only for the smooth part of the antiderivative. This results in a considerable reduction of the computational cost.
Let the integrand f (t) have singularities like a pair of complex conjugate poles near the interval of integration. Then these poles will have a bearing on the antiderivative function F (x) and hence one may try a rational approximation in the following form.
Then fixing the (n + m + 1) unknowns involving the coefficients {a j } and {b j } by solving the differential equation by collocation needs a non-linear iterative process. This appears to be computationally rather formidable and hence less desirable since the computational cost may turn out to be more expensive than that of our original numerical quadrature.
A Perturbation Approach for F (x)
In view of the difficulties mentioned above, we try a perturbation approach for finding the antiderivative F(x) that is best illustrated by a simple example. Let f (x)/x β , 0 < β < 1 be the function that needs to be integrated over (0, 1] . Here f (x) is assumed to be smooth. The antiderivative of 1/(x β ) is
is the " the dominant term " and φ(x)
is the "correction term" which is found out by solving the differential equation after substituting for F (x) in terms of φ(x). Specifically we set f (x) = e −x and β = 1/2. The required integral
its alternate form (after a simple transformation x = t 2 ) and its exact value in terms of the Error function are given below.
Upon setting F (x) = 2x 1/2 φ(x) the differential equation to be solved by collocation is given by
In the first column of The essence of our present approach can be stated succintly as," factor out the non-smooth or the dominant part of the antiderivative whenever possible and then fix the remaining part by collocation".
In the subsequent sections, we give various examples illustrating the power of this approach and its superiority over both the Gaussian and DE methods. Presently, we deal with quadrature problems in one dimension over a finite range with various singularities like poles, integrable singularities, removable discontinuities and non-integrable singularities lying just outside the range of integration.
Other types of integrals will be dealt with in our subsequent papers. To solve the differential equation involving the correction function φ(x), we employ the Chebyshev pseudospectral method [10, 11] .
Integrands with an end-point removable discontinuity
Next, we consider integrands which have a removable discontinuity at the ends of the interval like the following ones.
Due to the integrand term (1/x), one may be tempted to write the antiderivative for the above integrals as [log(x)φ(x)] but this poses numerical problems. One can circumvent this difficulty in two ways. In the first method, the term (1/x) is modified as (1/x β ) where 0 < β < 1 but β is still very close to unity.
Due to the restriction β < 1, the term (1/x) is converted to an integrable weak singularity. Hence In the second approach, instead of zero, we set the lower limit of integration as γ where γ ∈ [10 −16 , 10
Here γ is very close but still not equal to zero. As in the earlier approach, this modification results in an error which can be made negligible. We consider the test integral given below.
Following the first approach, we modify this integral as
By resorting to the second recipe, the required integral is modified as follows and it is solved by the pseudospectral method without any factorisation.
Columns one and two of table 3 provide the results of the new method employing the first and second approaches, respectively. Columns 3 and 4 are the results of the GL and the DE schemes, respectively for the unmodified integral. Once again, the GL method has an edge over the new method and the DE method has the least economy.
Singularity close to one end but just outside the integration interval
Next, we consider two integrands where the singularity is not an integrable weak singularity but lies just outside the interval [γ, 1] at x = 0.
Test problem 4.2.a
The first problem in this category is given below.
For the new and the GL methods, we change the integration variable by the rule x = e u and the transformed integral is given below.
After the transformation, the integrand is smooth. Hence for the new method, we resort to the pseudospectral solution of the ode relating to Eq.(12) without any further factorisation of the antiderivative.
For the DE method, we evaluate both the integrals given in Eq. (11) 
Test problem 4.2.b
We consider the integral given below.
For the new method, we take the antiderivative as [x −0.5 /(−0.5)] φ(x) and then solve for φ(x) by collocation. The results are indicated in table 5. In this case, the DE scheme needs 182 nodes to
give the converged value. Here, the GL method does not converge at all owing to the closeness of the non-integrable singularity even though it is not within the interval of integration. The superiority of the new method is obvious.
A non-factorable weak singularity that can be factored by a modification
Below, we consider an integrand that has an integrable singularity at x = 0 that is close to one end γ of the interval [γ, 1].
To facilitate factorisation, we multiply the numerator and the denominator by x β and this converts the integrand to the familiar form, f (x)/x β with f (x) = x β e −x 2 sin β (x) . Hence we have
The antiderivative for the integrand can be chosen as [x 1−β φ(x)]/(1 − β) and we can solve for φ(x) by our collocation process and table 6 provides the results. For convergence to 14 digits, the DE scheme needs 144 nodes while even with n = 200, the GL method yields a value that is accurate to just two digits. The new method has a considerable edge over the other two methods.
Integral with a logarithmic singularity
Let us consider the following problem with a logarithmic singularity.
Here, log(x) becomes unbounded as x → 0 + . One may modify the integrand as [x log(x)f (x)]/x and then factor out the term x in the denominator. But this does not result in any significant computational gain. But a change of variable from x to u by the mapping x = e u improves the situation. This is illustrated by the following integral with an exact value of (−0.25). With n = 200, the GL method without transformation gives the value (−0.2500000001554) and the DE method after the change of variable needs n = 87 for convergence to exact value. The rapidity of convergence of the new method is quite impressive which is not matched by the other two methods.
An apparently non-factorable case
The following integral has a denominator term that appears like not factorable at first sight.
However, we can try the following two transformations for our new scheme.
Transformation A: We set x 0.2 = z and then factor out the term involving z 4 resulting from this substitution and this is followed by a change of variable from z to u given by z + 2 = e u .
Transformation B: We try the following change of variable.
After this, due to the denominator term (u 2 + 2) of the resulting integrand, the antiderivative can be factored as F (u) = tan −1 (u/ √ 2) φ(u) and we solve for φ(u) by the pseudospectral method.
The results are indicated in table 8. For the DE scheme, it is found that the original integral without any transformation converges faster and hence only those values are reported. On the other hand, with the substitutions A and B, the convergence of the GL scheme is better. Here, we provide the GL results with the substitution A. It is to be noted that even with a 250 order quadrature, the GL scheme without the above transformations converges to just 8 digits. On the otherhand, for full convergence the GL scheme needs just n = 16 with the transformation A and n = 18 with the transformation B. It is interesting to note that for the new scheme, the direct collocation solution of this integral without the above transformations will be accurate to just about 6 digits even with n as large as 200. The GL method has a slight edge over the new method for this test integral.
Test problems from published literature
In this section, we indicate the results of few test problems from the published literature.
Problem from Hasegawa
The following integral is from Hasegawa [12] .
In the new method, we factor out the terms corresponding to the two factors of the denominator of the integrand above. The denominator term (x − c) 2 results in a non-integrable singularity at x = c that is too close to (−1), the lower end of the integration interval. The results are given in table 9 and the computational gain of the new method is obvious. Here the GL method does not converge at all. With increasing n, both the new and the DE schemes do not give any improvement beyond the relative error of the order of 10 −8 .
Problem from Mori and Sugihara
The following integral This is due to the restriction of the lower limit in the u variable to log(10 −16 ). A way to cut this error further by extrapolation is discussed in the appendix.
Test problem from Lether involving complex poles
In the following we consider an integrand like − 10) , respectively. Here, the new method scores over the other two methods since we have the facility to factor out the troublesome pole related term.
Test problem from Bailey
The following very interesting test integral is from Bailey [15] ,
. By simple manipulations we can modify the integral as follows.
Now in the modified integral above, one can factor out the term corresponding to √ x in the denominator from the antiderivative and the remaining part can be evaluated by the pseudospectral and it beats the other two schemes convincingly. The error saturation is due to the restriction of the lower limit of integration to 10 −16 instead of zero. This error can be cut down further by extrapolation techniques. With n = 100, the GL method gives a relative error of the order of 10
for both the original and the modified integrals and the values reported under the GL heading are for the modified integral. The DE scheme for the modified integral needs more nodes than the new method but it converges ultimately to full 14 digits when n = 36. The evaluation of the original integral by the DE scheme results in an accuracy saturating at 10 −9 and then onwards oscillations set in.
Discussions
If the function to be integrated is smooth, then the Gaussian scheme is obviously the method of choice. On the otherhand, if the function has singularities of type A, then one will prefer the DE scheme or its variants over the Gaussian schemes. However, if the function under consideration does not belong to the above indicated types, it is worth seeking other alternatives. The present method based on approximating the antiderivative rather than the integrand is one such attempt.
The power of the new method stems from the following two key factors. Firstly, whenever possible, we can factor out the dominant or the non-smooth part of the antiderivative which significantly reduces the cost of approximation. Secondly, the use of the pseudospectral method enhances the accuracy and the economy. The new method has a considerable edge over the GL and the DE methods in many test cases considered here. Further, even in the test cases where the GL or the DE methods dominate, the present method lags only marginally behind. In all the comparisons, if a variable transformation exists for the GL and the DE methods, then only the relatively better results from the evaluation of the modified or the unmodified integrals is reported. This makes the comparison fair. Here, we have not considered a very exhaustive set of various types of test integrals like the semi-infinite or the full infinte range integrals, trigonometric integrals etc. Also, we have not addressed the convergence related questions. These aspects will be explored in future works.
Finally, the new method has ample scope for the user to invent ingenious ways of factoring out the dominant/singular part of the antiderivative which is quite interesting. Except for the theoretical aspects of the pseudospectral solution, the required manipulations like factoring out the dominant part are well within the reach of a beginner that includes the high school student who has learnt calculus!
Conclusions
We have indicated a new method of numerical integration that is based on approximating the antiderivative that essentially involves the pseudospectral solution of a first order ode. This new method has a considerable advantage in several cases and it has a potential both to supplement and surpass the existing classical methods.
quantities. We can apply Shanks transform to every consecutive triplet of this new set and get another one where each member is a result of a double Shanks transformation. This process can be repeated till convergence is obtained.
The integral 1 0 log(1/x) dx/x 0.25 from Mori and Sugihara [13] has an exact value 1.7777777777778.
For this problem the relative error of the new scheme reaches a saturation very quickly and it does not decrease further beyond (2.864) 10 −11 . This is due to the restriction of the lower limit of integration to the quantity γ = log(10 −16 ). A way to cut the error further by extrapolation is discussed here. For a sequence of γ values, log(10 −10 ), log(10 −11 ), . . . , log(10 −16 ), we evaluate this integral with n = 20 by our new scheme. These integral values are subjected to a Shanks transformation and the transformation is repeated. It is seen from the last column of table 13 that after two successive Shanks transformations, the maximum relative error of the order of 10 −7 is reduced to about 10 −14 . Table 3 Results for the integral Table 4 Results for the integrals Table 7 Results for the integral Table 8 Results for the integral 1 0 log(1 + x + e x ) x 0.2 + 2 dx with a converged value 0.3988251952415.
Table 9
Relative errors for the integral 
